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a b s t r a c t
Recently, the first two authors characterized in Di Nola and Dvurečenskij (2009) [1]
subdirectly irreducible state-morphism MV-algebras. Unfortunately, the main theorem
(Theorem 5.4(ii)) has a gap in the proof of Claim 10, as the example below shows. We now
present a correct characterization and its correct proof.
© 2010 Elsevier B.V. All rights reserved.
1. Erratum
For all necessary notions on state-morphism MV-algebras, please see [1]. The subdirectly irreducible state-morphism
MV-algebras were characterized in [1] as follows:
Theorem 1.1. [1, Theorem 5.4] Let (M, σ ) be a subdirectly irreducible state-morphismMV-algebra. Then (M, σ ) has one of the
following three forms.
(i) M is linear, σ = idM and theMV-reduct M is a subdirectly irreducibleMV-algebra.
(ii) The state-morphism operator σ is not faithful, M has no nontrivial Boolean elements and the MV-reduct M of (M, σ ) is
a subdirectly irreducible MV-algebra such that if J is the smallest nontrivial state-ideal for (M, σ ), then J is the smallest
minimal nontrivialMV-ideal for M.
(iii) The state-morphism operator σ is not faithful, M has a nontrivial Boolean element. There are a linearly orderedMV-algebra
A, a subdirectly irreducibleMV-algebra B, and anMV-homomorphism h : A→ B such that (M, σ ) is isomorphic as a state-
morphismMV-algebra with the state-morphismMV-algebra (A×B, σh),where σh(x, y) = (x, h(x)) for any (x, y) ∈ A×B.
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Unfortunately, (ii) is not true, in general, as the following example shows.
Example 1.2. Let C = Γ (Z−→× Z, (1, 0)) be the Chang MV-algebra. We define the MV-algebra C × C and let M be the
subalgebra of C × C generated by Rad(C) × Rad(C), i.e., M = (Rad(C) × Rad(C)) ∪ (Rad(C) × Rad(C))∗. We define
σ : M → M via σ(x, y) = (x, x). Then σ is a state-morphism operator on M such that (M, σ ) is a subdirectly irreducible
state MV-algebra, Ker(σ ) = {0} × Rad(C), σ is not faithful, andM has no nontrivial Boolean elements, but it is not linearly
ordered as (ii) of Theorem 1.1 asserts. We note that Rad(M) = Rad(C)× Rad(C) is a unique maximal ideal.
The correct formulation of Theorem 1.1 is as follows. We recall that an MV-algebraM is local, if it has a unique maximal
MV-ideal. We note that now our counterexample fits case (ii) of the formulation of Theorem 1.3.
Theorem 1.3. Let (M, σ ) be a subdirectly irreducible state-morphism MV-algebra. Then (M, σ ) is one of the following three
possibilities.
(i) M is linear, σ = idM , and theMV-reduct M is a subdirectly irreducibleMV-algebra.
(ii) The state-morphism operator σ is not faithful, M has no nontrivial Boolean elements, and the MV-reduct M of (M, σ ) is a
localMV-algebra.
(iii) The state-morphism operator σ is not faithful, and M has a nontrivial Boolean element. There are a linearly ordered
MV-algebra A, a subdirectly irreducibleMV-algebra B, and an injectiveMV-homomorphism h : A→ B such that (M, σ ) is
isomorphic as a state-morphismMV-algebra with the state-morphismMV-algebra (A× B, σh), where σh(x, y) = (x, h(x))
for any (x, y) ∈ A× B.
Proof. The proof of the original theorem depended on a series of 12 claims, and unfortunately, Claim 10 was not correct. In
what follows, we reformulate Claim 10 and prove it.
We recall that J is the smallest nontrivial state-ideal for (M, σ ) and x	y := xy∗, and x	y = x	 (x∧y) = x− (x∧y).
We start with a better and more extended formulation of Claim 6:
Claim 6. Ker(σ ) is a prime ideal, and if y 6∈ Ker(σ ), then
y⊥ ⊆ Ker(σ ).
If σ is not faithful, Ker(σ )⊥ is a linearly ordered minimal prime ideal such that, Ker(σ )⊥ = J⊥, and if Ker(σ )⊥ = {0}, then M is
linearly ordered. If Ker(σ )⊥ 6= {0}, then Ker(σ ) is minimal prime and Ker(σ ) = Ker(σ )⊥⊥.
Let x, y ∈ M such that x ∧ y ∈ Ker(σ ). Then σ(x ∧ y) = 0. But σ preserves ∧; then σ(x) ∧ σ(y) = 0. By [2, Thm 4.3(a)],
σ(M) is linearly ordered; then σ(x) = 0 or σ(y) = 0. That is, either x ∈ Ker(σ ) or y ∈ Ker(σ ) and that proves Ker(σ ) is
prime. The inclusion y⊥ ⊆ Ker(σ ) now holds trivially whenever y /∈ Ker(σ ).
Let σ be not faithful. By Claim 4 of [1, Thm 5.4], Ker(σ ) is a linearly ordered MV-ideal. Therefore, Ker(σ )⊥ is a minimal
prime MV-ideal ofM.
Let x, y ∈ Ker(σ )⊥ and let us define x1 = x	 y and y1 = y	 x. Then x1, y1 ∈ Ker(σ )⊥. Since x1 ∧ y1 = 0, by the first
part of the present claim, x1 ∈ Ker(σ ) or y1 ∈ Ker(σ ). In the first case, we have 0 = x ∧ (x 	 y) = x 	 y, so that x ≤ y.
In the second case, we have y ≤ x. Since {0} 6= J ⊂ Ker(σ ), we have Ker(σ )⊥ ⊆ J⊥.We have that J⊥ is minimal prime;
therefore, J⊥ = Ker(σ )⊥.
Assume Ker(σ )⊥ = {0}. ThenM ∼= M/Ker(σ )⊥ and Ker(σ )⊥ is prime; henceM is linearly ordered.
Finally, let Ker(σ )⊥ 6= {0}. Because Ker(σ )⊥ is linearly ordered, we have that Ker(σ )⊥⊥ is minimal prime. But it contains
a prime ideal Ker(σ ), the minimality entails Ker(σ ) = Ker(σ )⊥⊥ and Ker(σ ) is minimal prime, too.
Claim 10. Let σ be not faithful and let M have only two Boolean elements. Then x < y for any x ∈ Ker(σ ) and any y ∈ Ker(σ )∗.
Moreover, Ker(σ ) ⊆ Rad(M),M has a unique maximal MV-ideal and thus M is local.
This claim is a subclaim of Claim 10 from [1]. Suppose the converse. Then it is enough to assume there are two nonzero
elements x ∈ Ker(σ ) and y ∈ Ker(σ )∗ such that x ∧ y = 0. Hence, 0 < y < 1, 0 < x ∈ y⊥, and the linear ideal
y⊥ contains a nonzero element x, so that y⊥⊥ is minimal prime containing the minimal prime ideal Ker(σ )⊥ (Claim 6).
Therefore, y⊥⊥ = Ker(σ )⊥ and y⊥ = Ker(σ )⊥⊥, and finally y⊥ = Ker(σ ). This by Claim 9 entails that y is a Boolean
element ofM , which is absurd. Hence x ≤ y or y ≤ x, which gives only x < y.
Take arbitrary x, y ∈ Ker(σ ); then x < y∗. Therefore, x < x∗ so that x + x is defined in M. Hence, every element x is an
infinitesimal ofM, i.e., n-times sum of x is defined inM for any n ≥ 1, and this proves x ∈ Rad(M).
Finally, let I1 and I2 be two different maximal MV-ideals and take x ∈ I1 \ I2 and y ∈ I2 \ I1. Then x1 = x− (x∧ y) ∈ I1 \ I2
and y1 = y − (x ∧ y) ∈ I2 \ I1. Since x1 ∧ y1 = 0, then by Claim 6, x1 ∈ Ker(σ ) ⊆ Rad(M) or y1 ∈ Ker(σ ) ⊆ Rad(M).
Therefore, x1 ∈ I2 or y1 ∈ I1 and that is absurd. Consequently, I1 = I2 andM is local (i.e.M has a unique maximal MV-ideal).
Finally, in Claim 12, we emphasize that h is, in fact, injective:
Claim 12. Let σ be not faithful and let 0 < y < 1 be a Boolean element such that σ(y) = 1. Then there are a linearly ordered
MV-algebra A, a subdirectly irreducible MV-algebra B, and an injective MV-homomorphism h : A → B such that (M, σ ) is
isomorphic as a state-morphism algebra with the state-morphism MV-algebra (A × B, σh), where σh(x, y) = (x, h(x)) for any
(x, y) ∈ A× B.
We add to the original proof of Claim 12 from [1] that h is injective. As (M, σ ) is subdirectly irreducible and (M, σ ) and
(A×B, σh) are isomorphic under the isomorphismψ (Claim 12 [1, Thm 5.4]), (A×B, σh) is also subdirectly irreducible with
the smallest nontrivial state-ideal ψ(J) ⊆ Ker(σh) = {0} × B. But Ker(h)× {0} is also a state-ideal, so that Ker(σh) = {0}.
In view of the last lines, also in Example 5.3 [1], h : A→ B has to be assumed to be an injective MV-homomorphism. 
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Theorem 1.4. Let the conditions in (ii) of Theorem 1.3 be satisfied. Then M is linearly ordered if and only if Rad(M) is linearly
ordered, and in such a case, M is a subdirectly irreducibleMV-algebra such that if J is the smallest nontrivial state-ideal for (M, σ ),
then J is the smallest minimal nontrivialMV-ideal for M.
If Rad(M) = Ker(σ ), then M is linearly ordered.
Proof. We continue with ideas from Claim 10 in [1, Thm 5.4].
From Claim 10 of Theorem 1.3, we know thatM is local, so let I be a unique maximal MV-ideal ofM.
We claim that if x ∈ I and y 6∈ I, then x < y. Indeed, otherwise 0 < x1 = x− (x∧y) ∈ I and 0 < y1 = y− (x∧y) 6∈ I , and
x1∧y1 = 0. Then x1 ∈ Ker(σ ) andwe get J ⊆ I(x1)∩ I(y1) = I(x1∧y1) = I(0) and this gives a contradiction. Consequently,
x < y.
IfM is linearly ordered, then so is Rad(M). Conversely, suppose Rad(M) = I is linearly ordered or let Ker(σ ) = Rad(M) =
I; then by [1, Claim 4 Thm 5.4], I is also linearly ordered, and in both cases we have that Rad(M) is linearly ordered.
Now let x, y /∈ Ker(σ ).We assert that they are comparable, if not, then x1 = x− (x ∧ y) > 0 and y1 = y− (x ∧ y) > 0
with x1 ∧ y1 = 0. If x1, y1 ∈ Ker(σ ), the linearity of Ker(σ ) entails x1 ≤ y1, say, so that x1 ∧ y1 = x1 > 0. If x1 ∈ Ker(σ )
and y1 /∈ Ker(σ ), then x1 < y1 which is again a contradiction. Similarly for the last third case x1 /∈ Ker(σ ) and y1 ∈ Ker(σ ).
Hence, x and y are comparable.
Consequently, we have proved thatM is linearly ordered. In addition, if y is any nonzero element ofM, then either y ∈ J
and then J = I(y), or y 6∈ J and then a < y for any nonzero a ∈ J, giving J ⊆ I(y) and proving that J is the least nontrivial
MV-ideal and the MV-reductM of (M, σ ) is a subdirectly irreducible MV-algebra. 
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